We study the performance of ternary isodual codes which are not selfdual and ternary self-dual codes, as measured by the decoding error probability with bounded distance decoding. We compare the performance of ternary double circulant and double twistulant codes which are not self-dual with ternary extremal self-dual codes. We also investigate the performance of ternary self-dual codes having large minimum weights.
is the number of non-zero components of x. A vector of C is called a codeword. The minimum non-zero weight of all codewords in C is called the minimum weight of C and an [n, k] code with minimum weight d is called an [n, k, d] code. Two codes C and C are equivalent if there exists a (1, −1, 0)-monomial matrix M with C = {cM | c ∈ C}.
Let C be an [n, k, d] code. Throughout this paper, let A i denote the number of codewords of weight i in C. The sequence (A 0 , A 1 , . . . , A n ) is called the weight distribution of C. A code C of length n is said to be formally self-dual if C and C ⊥ have identical weight distributions where C ⊥ is the dual code of C. A code C is isodual if C and C ⊥ are equivalent, and C is self-dual if C = C ⊥ . It is known that a ternary self-dual code of length n exists if and only if n ≡ 0 (mod 4). A self-dual code is an isodual code, and an isodual code is a formally self-dual code. Double circulant and double twistulant codes are a remarkable class of isodual codes.
The question of decoding error probabilities was studied by Faldum, Lafuente, Ochoa and Willems [5] for bounded distance decoding. Let C and C be [n, k, d] codes with weight distributions (A 0 , A 1 , . . . , A n ) and (A 0 , A 1 , . . . , A n ), respectively. Suppose that symbol errors are independent and the symbol error probability is small. Then C has a smaller decoding error probability than C if and only if
where ≺ means the lexicographic order, that is, there is an integer s ∈ {0, 1, . . . , n} such that A i = A i for all i < s but A s < A s [5, Theorem 3.4] . We say that C performs better than C if (1) holds.
In this paper, we investigate the performance of optimal double circulant and double twistulant codes which are not self-dual, and self-dual codes with large minimum weights, as measured by the decoding error probability with bounded distance decoding. In Sect. 2, we compare the performance of double circulant and double twistulant codes which are not self-dual with extremal self-dual codes for lengths n < 48. Thus, we consider double circulant and double twistulant codes which are not self-dual only for lengths n ≡ 0 (mod 4). Self-dual codes are considered in Sect. 3. The weight distribution of an extremal self-dual code is uniquely determined for each length. For lengths up to 64, the existence of an extremal self-dual code is known (see [8, Table 4] ). The largest minimum weight of a self-dual code is 3 n/12 for lengths n = 72, 96, and the largest minimum weight among currently known self-dual codes is 3 n/12 for lengths n = 68, 76, 80, 84, 88, 92 (see [8, Table 4 ]). Hence, we investigate the performance of self-dual codes of length n and minimum weight 3 n/12 for n = 68, 72, 76, 80, 84, 88, 92, 96.
Performance of double circulant and double twistulant codes

Double circulant and double twistulant codes
An n × n matrix is circulant or negacirculant if it has the form ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ r 0 r 1 · · · r n−2 r n−1 cr n−1 r 0 · · · r n−3 r n−2 cr n−2 cr n−1 . . . r n−4 r n−3
where c = 1 or −1, respectively. A pure double circulant code and a bordered double circulant code have generator matrices of the form
and ⎛
respectively, where I n is the identity matrix of order n, R (resp. R ) is an n × n (resp. n − 1 × n − 1) circulant matrix, and α, β, γ ∈ F 3 . These two families are called double circulant codes. A classification of double circulant codes with the largest minimum weight among all double circulant codes (including self-dual codes), was given in [4] for lengths up to 14. For lengths n with 16 ≤ n ≤ 30, the largest minimum weight among all double circulant codes (including self-dual codes), was determined in [4] . Further, for lengths n with 16 ≤ n ≤ 24, the weight distributions for double circulant codes with the largest minimum weight were determined and a double circulant code was given for each weight distribution.
A [2n, n] code which has a generator matrix of the form
where N is an n × n negacirculant matrix, is called a double twistulant code. Although the following proposition is somewhat trivial, we provide it for the sake of completeness.
Proof The negacirculant matrix N is obtained from N T by interchanging the i-th row (resp. column) with the (n + 2 − i)-th row (resp. column) (i = 2, 3, . . . , (n + 1)/2 ), and by negating the first row and column, where N T denotes the transpose of N . Hence, two codes with generator matrices I n N and I n N T are equivalent, and the result follows.
In this section, we focus on double circulant and double twistulant codes as a remarkable class of isodual codes. We consider codes C satisfying the following conditions:
(C1) C is a pure or bordered double circulant code or double twistulant code of length n (≡ 0 (mod 4)) which is not self-dual with the largest minimum weight d P , d B and d T among pure or bordered double circulant codes or double twistulant codes of length n which are not self-dual, respectively. (C2) C has the smallest weight distribution (A 0 , A 1 , . . . , A n ) under the lexicographic order ≺ among pure or bordered double circulant codes, or double twistulant codes of length n, which are not self-dual, and have minimum weight d P , d B and d T , respectively.
We say that a double circulant (resp. double twistulant) code which is not selfdual is optimal if it has the largest minimum weight among all double circulant (resp. double twistulant) codes of that length which are not self-dual.
Performance of double circulant and double twistulant codes
For 4m ≤ 48, by determining the largest minimum weights d P (resp. d B ), our exhaustive search found all distinct pure (resp. bordered) double circulant [4m, 2m] codes satisfying conditions (C1) and (C2). This was done by considering all 2m × 2m circulant matrices R in (2) [resp. 2m − 1 × 2m − 1 circulant matrices R in (3)]. In addition, for 4m ≤ 48, by determining the largest minimum weights d T , our exhaustive search found all distinct double twistulant [4m, 2m] codes satisfying conditions (C1) and (C2). This was done by considering all 2m × 2m negacirculant matrices N in (4). Since a cyclic shift of the first row for a code defines an equivalent code, the elimination of cyclic shifts substantially reduced the number of codes which had to be checked further for equivalence to complete the classification. Then Magma [2] was employed to determine code equivalence which completed the classification for 4m < 48.
In Table 1 , we list the values d P , A d P , d B , A d B , d T and A d T . We also list the inequivalent pure and bordered double circulant codes, and double twistulant codes satisfying conditions (C1) and (C2). For the codes listed in the table, the first rows of R in (2), R in (3) and N in (4) are given in Tables 2, 3 and 4, respectively. The values (α, β, γ ) in (3) are listed for the bordered double circulant codes. In addition, the minimum weights d and (A d , A d+1 , A d+2 ) are listed. As mentioned above, for lengths n with 16 ≤ n ≤ 24, all weight distributions for double circulant codes with the largest minimum weight were determined ([4, Table 6 ]) and a pure and bordered double circulant code was given for each weight distribution ([4, Tables 4 and 5] ). The bordered double circulant code B 16 in Table 3 has the following weight distribution
Since this weight distribution was not given in [4, Table 6 ], the code B 16 should be added to [4, Table 5 ].
To compare the performance of the optimal double circulant and double twistulant codes which are not self-dual as measured by the decoding error probability with bounded distance decoding, we list the largest minimum weight d S D and the smallest number A S D of codewords of weight d S D among self-dual codes of length n. It was shown in [12] that the minimum weight d of a self-dual code of length n is bounded by d ≤ 3 n/12 + 3. If d = 3 n/12 + 3, then the code is called extremal. The weight distribution of an extremal self-dual code of length n is uniquely determined [see (5) ].
For lengths up to 64, the existence of an extremal self-dual code is known (see [8, Table 4 ]). Hence, d S D and A S D in Table 1 are uniquely determined for each length. For the cases d P > d S D , d B > d S D and d T > d S D 1 , we list in Table 1 the inequivalent pure and bordered double circulant codes and double twistulant codes C with minimum weight d S D for which C has the smallest weight distribution among pure and bordered double circulant codes and double twistulant codes of length n and minimum weight d S D which are not self-dual.
From Table 1 , we have the following results concerning the performance of double circulant and double twistulant codes which are not self-dual. 6) , (20, 6), (28, 9) , (32, 9) , (44, 12) .
Then there is a double circulant [n, n/2, d] code C which is not self-dual and a double twistulant [n, n/2, d] code C which is not self-dual such that C performs better than any self-dual [n, n/2, d] code. Remark 3 For n = 8, 20, 32, 44 (resp. n = 8, 20, 44), there is a double circulant (resp. double twistulant) code C of length n which is not self-dual such that C has a larger minimum weight than any self-dual code of length n. Remark 4 For length 48, we verified that d P = 12, d B = 14 and d T = 12. We also determined that there are three inequivalent bordered double circulant [48, 24, 14] codes B 48,i (i = 1, 2, 3) which are not self-dual. The first rows of R and the values (α, β, γ ) in (3) for these codes are also given in Table 3 .
Performance of self-dual codes
In this section, we investigate the performance of self-dual codes of length n and minimum weight 3 n/12 for n = 68, 72, 76, 80, 84, 88, 92, 96.
Largest minimum weights
As mentioned above, the minimum weight d of a self-dual code of length n is bounded by d ≤ 3 n/12 +3 [12] , and a self-dual code with d = 3 n/12 +3 is called extremal. We say that a self-dual code of length n is optimal if it has the largest minimum weight among all self-dual codes of that length. Of course, an extremal self-dual code is optimal.
The weight enumerator of a code of length n is defined as n i=0 A i y i . The weight enumerator W of a self-dual code of length n can be represented as an integral combination of Gleason polynomials (see [12] ), so that
for some integers a j with a 0 = 1. Since the weight enumerator of an extremal self-dual code of length n is uniquely determined, all extremal self-dual codes of length n have the same performance. Note that the weight enumerator of a self-dual [n, n/2, 3 n/12 ] code can be expressed using a single integer variable. For lengths up to 64, the existence of an extremal self-dual code is known (see [8, Table 4 ]). It is also known that there is no extremal self-dual code for lengths 72 and 96, and that there are self-dual codes with parameters [72, 36, 18] and [96, 48, 24]. In addition, the largest minimum weight among currently known self-dual codes of length n is 3 n/12 for n = 68, 76, 80, 84, 88, 92. This motivates investigating the performance of self-dual codes of length n and minimum weight 3 n/12 for n = 68, 72, 76, 80, 84, 88, 92, 96.
Methods for constructing self-dual codes
Many self-dual codes with large minimum weights have been constructed as double circulant codes and double twistulant codes [8] . In this section, the following two methods for constructing self-dual codes are employed.
Let C and D be self-dual codes of lengths m and n, respectively, where n/2 ≥ m. Let d 1 be the maximum weight among the codewords of C, and let d be the minimum weight of D. Suppose that the set of the first m coordinates D of D is a subset of some information set. Let E be the code consisting of all vectors y ∈ F n−m 3 such that (x, y) ∈ D for some x ∈ C. Then E is a self-dual [n − m, (n − m)/2] code with minimum weight at least d − d 1 [3] . By considering the other m coordinates D , many self-dual codes can be constructed. We say that these self-dual codes of length n − m are constructed from D by subtracting C. In this section, we consider self-dual codes of length n − 4 obtained from a self-dual [n, n/2, 3 n/12 ] code by subtracting the unique self-dual [4, 2, 3] code e 4 for n = 72, 84, 96.
A four-negacirculant [4n, 2n] code has a generator matrix of the form
where A and B are negacirculant matrices. Many extremal self-dual codes are fournegacirculant codes [10] . In this section, we use this construction to obtain self-dual codes with minimum weight 3 n/12 for n = 68, 72, 76, 80, 92.
Self-dual [68, 34, 15] codes
Using (5) 1, 2, . . . , 20) . The first rows r A and r B of negacirculant matrices A and B in (6) are listed in Table 5 . The numbers A 15 for these codes are also listed in the table. Hence, C 68,1 performs better than the above self-dual codes constructed by subtraction, the two codes in [7, Table 3 ], [8, Table 3 ] and C 68,i (i = 2, 3, . . . , 20). 1, 2, . . . , 10) . The first rows r A and r B of the negacirculant matrices A and B in (6) are listed in Table 6 . The numbers A 18 for these codes are also listed in the table. Hence, C 72,1 performs better than the two previously known codes and C 72,i (i = 2, 3, . . . , 10). 1, 2, . . . , 20) . The first rows r A and r B of negacirculant matrices A and B in (6) are listed in Table 7 . The numbers A 18 for these codes are also listed in the table. Hence, C 76,1 performs better than the two previously known codes and C 76,i (i = 2, 3, . . . , 20).
Self-dual [80, 40, 18] codes
Using (5) 1, 2, . . . , 20) . The first rows r A and r B of negacirculant matrices A and B in (6) are listed in Table 8 . The numbers A 18 for these codes are also listed in the table. Hence, C 80,1 performs better than the above self-dual codes constructed by subtraction, the two codes in [7, Table 3 ], [8, Table 3 ] and C 80,i (i = 2, 3, . . . , 20). where a is an integer with 1 ≤ a ≤ 5794272. A self-dual [88, 44, 21] code can be found in [1] (see also [7, Table 3 ]. We verified by Magma [2] that this code has A 21 = 204608. By considering four-negacirculant codes, we found new self-dual [92, 46, 21] codes C 92,i (i = 1, 2, . . . , 10). The first rows r A and r B of negacirculant matrices A and B in (6) are listed in Table 9 . The numbers A 21 for these codes are also listed in the table. Hence, the code N 92 constructed from P 96 by subtracting e 4 with A 21 = 170536 performs better than the code in [8, Table 3 ], the nine other codes constructed from P 96 by subtracting e 4 , and C 92,i (i = 1, 2, . . . , 10).
To define N 92 , we give the generator matrices of P 96 and e 4 . The code P 96 is the bordered double circulant code with the first row of R in (3) given by (01111211112212121112212211211222121211222212222),
and border values (α, β, γ ) = (0, 1, 1). The code e 4 has generator matrix 1 0 1 1 0 1 1 2 .
Then N 92 is obtained from P 96 by subtracting e 4 where the four coordinates are P 96 = (1, 2, 3, 16). where a is an integer with 13283136 ≤ a ≤ 128449120. The Pless symmetry code P 96 of length 96 is a self-dual [96, 48, 24] code (see [6] ). A double twistulant self-dual [96, 48, 24] code can be found in [8, Table 3 ]. The code P 96 has A 24 = 15358848 [6] . We verified by Magma [2] that the code in [8, Table 3 ] has A 24 = 15358848. Our extensive search failed to discover a four-negacirculant self-dual [96, 48, 24] code.
Self-dual [100, 50, 21] codes
From [8, Table 4 ], the largest minimum weight among self-dual codes of length 100 is 21, 24 or 27. A double twistulant self-dual [100, 50, 21] code can be found in [8, Table 3 ]. It was claimed that C 100 in [9, Table 3 ] has A 21 = 14400 and the code N 100 has A 21 = 20900. Thus, the code in [8, Table 3 ] performs better than N 100 .
